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Abstract
We find some eigenvalues of the Laplacian on the Cayley graph of a Coxeter group with respect to its
Coxeter generators and give an upper bound for the minimal positive eigenvalue.
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Let X = (X0,X1) be a finite graph with the set of vertices X0 and the set of edges X1, see
[5] for the definition. For x, y ∈ X0 let δx,y denote be the number of edges beginning at x and
ending at y. The degree of a vertex x is the number
deg(x) =
∑
y∈X0
δx,y .
The graph is regular if deg(x) is independent of x ∈ X0. As usual, denote by l2(X0) the space of
complex-valued functions on X0, equipped with the scalar product for which the characteristic
functions of vertices form an orthonormal basis. The Laplacian operator of X is defined by
u(x) = deg(x)u(x) −
∑
y∈X0
δx,yu(y), x ∈ X0.
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negative real numbers. The minimal eigenvalue of  equals 0. This eigenvalue is simple if and
only if X is connected. Let λ1 = λ1(X) be the smallest positive eigenvalue of . It is known that
λ1(X) is related to various geometric characteristics of X, such as the Cheeger constant, see e.g.
[4, §4.2].
In this note, we are concerned with the Coxeter groups and their Cayley graphs with respect to
Coxeter generators. In his book [4], A. Lubotzky suggests to find eigenvalues (or at least λ1) for
the associated Laplacian operators, see Problem 10.8.7 therein. Following R. Bacher [1], we call
these operators Coxeter Laplacians. Our goal is to find some eigenvalues of Coxeter Laplacians
and thus give an upper bound for λ1. For the symmetric group on {1,2, . . . , n} with respect to
the generating set of adjacent transpositions S = {(1,2), . . . , (n − 1, n)}, R. Bacher proved that
λ1 = 2 − 2 cos πn . He also showed that this eigenvalue has multiplicity at least n − 1, see [1]. It
is tempting to conjecture that for any irreducible Coxeter group one should have
λ1 = 2 − 2 cos π
h
,
where h is the corresponding Coxeter number. Apart from An, this is true for all groups of rank 2,
i.e., for B2,G2 and I2(m), m = 5 or m 7, see Remark. In the general case, we were only able
to show that λ1  2 − 2 cos πh , see Corollary.
Before stating the result, recall the definition of the Cayley graph in our setting. Let W be
a finite group generated by a subset S ⊂ W such that S−1 = S and the neutral element is not
in S. The Cayley graph X = X(W,S) is the graph with X0 = W and X1 = {(w,ws) | w ∈ W,
s ∈ S} ⊂ W × W . The edge (w,ws) begins at w, ends at ws and has (ws,w) = (ws, (ws)s−1)
as the opposite edge. Since S generates W , the graph X(W,S) is connected. Clearly, X(W,S) is
an l-regular graph, i.e., the degree of each vertex equals l, where l is the cardinality of S.
Theorem. Let (W,S) be a finite Coxeter system, S = {s1, . . . , sl} the set of Coxeter genera-
tors, h the Coxeter number of (W,S), and m1,m2, . . . ,ml the exponents, 0 < m1 m2  · · ·
ml < h. Consider the Cayley graph X = X(W,S) of W with respect to S and denote by  the
Laplacian of X. The numbers
2 − 2 cos πmi
h
(i = 1,2, . . . , l),
are eigenvalues of . If W is irreducible then each of these eigenvalues has multiplicity at least l.
Proof. Let
aij = −2 cos π
nij
,
where nij is the order of sisj in W , so that aij = aji, aii = 2 and aij  0 for i = j . Recall
that W has the so-called geometric representation σ , which acts in the vector space V = Rl =
Re1 ⊕ · · · ⊕Rel equipped with the positive bilinear form given by
B(ei, ej ) = − cos π
n
= aij
2
.
ij
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v → v − 2B(ei, v)ei .
In particular, the elements of σ(W) are orthogonal transformations with respect to B , see [2,
Chapter V, §4]. Let {fk} be the dual basis of V , so that B(ej , fk) = δjk .
For any u ∈ l2(W) one has
u(x) = lu(x) −
l∑
i=1
u(xsi), x ∈ W.
In what follows, we will also consider  on functions from W to V . The space of such functions
is identified with the tensor product l2(W)⊗V , on which the action of  is given by (u⊗v) =
u ⊗ v, u ∈ l2(W), v ∈ V . Define pj :W → V by
pj (x) = σ(x) · ej , 1 j  l.
We have
pj (x) = lpj (x) −
l∑
i=1
pj (xsi) = lpj (x) −
l∑
i=1
σ(xsi) · ej
= lpj (x) −
l∑
i=1
σ(x) · (ej − 2B(ei, ej )ei)= 2
l∑
i=1
B(ei, ej )pi(x) =
l∑
i=1
aijpi(x).
The functions pj are obviously linearly independent. We have just seen that they span a -
invariant subspace. Moreover, the eigenvalues of  in that subspace are precisely the eigenvalues
of the matrix A = (aij ).
But the eigenvalues of A are in fact known. Namely, one has the identity
∣∣∣∣∣∣∣∣
T a12 . . . a1l
a21 T . . . a2l
...
...
. . .
...
al1 al2 . . . T
∣∣∣∣∣∣∣∣
=
l∏
i=1
(
T − 2 cos πmi
h
)
,
see [3] and [2, Chapter V, §6, Ex. 4]. Replacing T by 2 − λ and using aii = 2 for all i, we see
that A has the eigenvalues
2 − 2 cos πmi
h
, i = 1,2, . . . , l.
Let λ be any of these numbers and let p =∑lj=1 cjpj be the corresponding eigenvector of .
We have p = σ(x) · v, where v =∑lj=1 cj ej ∈ V , v = 0, hence
p =
l∑
B
(
σ(x) · v,fk
)
ek.k=1
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bk(x) = B
(
σ(x) · v,fk
)
is an eigenvector of  in l2(W) with eigenvalue λ.
Finally, assume that W is irreducible. Then the geometric representation σ :W → GL(V )
is also irreducible. We claim that the coefficients bk(x), k = 1,2, . . . , l, are linearly indepen-
dent, and so the multiplicity of each eigenvalue λ is at least l. To prove the claim, assume
that
∑
dkbk(x) = 0, where dk = 0 for some k, 1  k  l. Let f =∑dkfk . Then f = 0 and
B(σ(x) · v,f ) = 0 for all x ∈ W . This implies that the orbit σ(W) · v is contained in a proper
linear subspace of V . Since V is an irreducible W -module, we get a contradiction. 
Corollary. For an irreducible Coxeter system one has
λ1  2 − 2 cos π
h
.
Proof. For an irreducible Coxeter system m1 = 1, see [2, Chapter V, §6, Theorem 1]. Therefore
the inequality follows from our theorem. 
Remark. For (W,S) irreducible of rank 2 the Cayley graph X(W,S) is the circuit of length 2h.
In this case it is easy to find the full spectrum of . Namely,  has the eigenvalues
0 = λ0 < · · · < λk = 2 − 2 cos πk
h
< · · · < λh = 4,
where λ0, λh are simple and all other eigenvalues have multiplicity 2. In particular, λ1 = 2 −
2 cos π
h
.
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